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1 Background: Reinforcement Learning

Reincforcement Learning comes from the theory of conditioning in psychology.
Since it is one of the most popular theories of learning in humans, many have
tried to replicate it to teaching machines to learn from data. Broadly speaking,
reinforcement learning is process of placing an agent in an unknown environ-
ment, and having it learn to do certain tasks by having it interact with. To
guide the learning process, Some key features of reinforcement learning include:

1.

Learning by interaction: Humans often learn skills by watching others
perform them and then trying constantly trying to replicate it until they
get it right. Reinforcement learning uses this idea of an agent learning
through interaction with it’s immediate environment and being given a
reward signal

. No explicit supervision: While the above might sound like supervised

learning, it has a subtle difference in that the agent is never told what
the correct or optimal choice is. Much like when teaching a child how to
ride a bicycle a parent will not specify which order specific muscles are
relaxed and contracted. Similarly, the agent will have some reward signal
attached to it’s actions

Not Unsupervised: Reinforcement learning is also not completely unsu-
pervised. The learner isn’t explicitly trying to uncover some kind of sub-
structure in a large dataset. Instead, it will be guided to and from certain
sets of actions by the reward signal

. Exploration-Explotation Dillema: While simply taking the most reward-

ing action at each step might seem like intuitive behaviour, it may not
be globally optimal. Thus, an agent must learn to balance exploration of
new actions with the exploitation of actions known to be rewarding

Limitations of Classical Methods: (Taken from [4]). Tic Tac Toe is a
relatively simple problem that is ’solved’ by methods like the minimax
algorithm. However, even though the minimax solution never loses to a
perfect player, it may not be optimal against an imperfect player. While



this could be remedied for simplistic situations, a game like chess would
quickly go out of control.

The full reinforcement learning problem is fairly complex, and the multi-
armed bandit problem is a common simplification that illustrates many of its
ideas. The next section discusses the formal definition of the same.

2 The Bandit Problem

A bandit problem can be described using a tuple (A, R;, B), where

e A: The set of arms or actions, all the possible choices the agent can make
in a particular turn. For the purposes of this paper, we will only be dealing
with bandits that have a finite number of arms, so |[A| =k € ZT

e R;: The reward function is a map from [T]— > R, and is defined for every
arm

e 3: The discount factor. B; is the effective value of the reward recieved at
the i*" turn. This is primarily done to keep the expected reward from any
action in an infinite horizon game finite.

The learner or agent is defined using a function 7(z|A1, r1, Aa,ro, ..., Ar—1,7t—1),
where the learner outputs a distribution over actions using the information con-
tained by the game upto that point. This definition allows for a determinstic
learner, by making the output distribution 0 for all the actions save for the
action to be chosen. The game itself proceeds as follows

1. At time period t, the learner chooses action A; in accordance with
7T(£|A17 T1, A27 T2,..., Atflv thl)

2. The learner observes reward R4, (t) = r; 'chosen’ by the environment and
updates the 7 < m(x|A1,7r1, Ao, 79, ..., Ag,14)

This repeats for a specified number of turns, finite or infinite. There are 2
distinct types of bandit problems we will encounter.

2.1 Stochastic Bandits

Stochastic Bandits are a collection of probability distributions v = {P,|a € A}.
In problems involving these bandits, the environment samples r) ~ P4,. The
reward distribution conditioned on Ay, ry, Ao, 1o, ..., Ay_1,74_1, Ay is exactly
Py,, and learner cannot use any future information about their own actions
or the rewards. The learner generally does not know the parameters of these
distributions, and often not even the horizon of the game. These bandits can
further be subdivided into two classes based on the information gained from
playing each arm.



e Unstructured Bandits are problems where playing one arm gives you no
information about the other arms. E.g. A two armed bandit with both
arms having i.i.d. gaussian rewards.

e Structured Bandits are problems where playing an arm may give you some
information about the other arm. E.g. The same two armed bandit as
above with the additional stipulation that the means of both arms lie on
the line z +y = 2

2.2 Adversarial Bandits

The Adversarial Bandit models abandons the assumption that the rewards from
each arm are drawn from some distribution. The adversary chooses the rewards
z; € Rl for the entire duration of the game beforehand without the learner
knowing.

A common relaxation in bandit problems, both stochastic and non-stochastic,
is that the rewards lie in the interval [0, 1]. This simplifies the analysis signifi-
cantly by allowing to use concentrations on subgaussian random variables and
extends cleanly to complex cases.

2.3 Evaluation of Bandit Algorithms: Regret

The goal of this game is to maximise the total reward recieved. This isn’t
possible in the traditional sense for stochastic rewards, since an arm that is
worse might produce a higher reward. It is better to define an objective function
on each arm, and measure the distance of each decision an algorithm makes from
the best arm. The most commonly used objective function is the mean of each
arm. This is known as the regret, and is defined as

T
Regret; = T max 1, — Z w(Ag)
a
t=1
Regret Decomposition Lemma:

Regret, = Z AE[n; (7))
i=1

3 € greedy Algorithm

The epsilon greedy algorithm is the simplest algorithm for bandit problems.
The pseudocode for the algorithm is as follows. The algorithm explores with
probability €, and exploits the best arm otherwise.



fort=0,1... do
Generate a random number z € [0, 1];

if i < e then
| Choose A; ~ U([k]);
else
| Choose A; = argmax, fig;
end
end

3.1 Analysis

This analysis was helped from [3]. For a bandit with N arms, at any itera-
tion ¢ the estimated mean for every arm a must meet the following bound (by
hoeffding’s inequality)

. te
P(ltia — tal > €) < 2exp(—2¢")

Choosing ¢ = \/%, we get
2N logt

P(‘/ia_,ua| > 7
€

We are largely concerned with bounding the regret of the rounds where the
greedy arm is being exploited, since that having a bad arm would drive up
regret. We can split the rounds into cases, one where the inequality holds for
all the arms and the other where the inequality for at least one arm

In the first case, an arm being sampled implies that it has a higher estimated
mean than the optimal arm. This gives us the inequality

2N logt R o . 2N logt
plo) + T 2 fla) 2 la’) 2 pla) — | =25

Ak 2N logt
ia”) = pla) <24/ ———

The expected regret in any single round can be expressed as

2

)< o

~

€(Regret from a Random Arm) + (1 — €)(Regret from largest sample mean)

2N logt

te
This quantity can be minimised by roughly equating the two terms. This gives
us an € = (%)é and a regret bound of

<e+2(l—¢)

This is an expression with O((%)%). Thus, the total regret bound for the
algorithm is O(t%(%)%)



4 Upper Confidence Bound Algorithm

The idea behind the UCB algorithm is what is called the "OFU" principle -
optimism in the face of uncertainty. The Upper Confidence Bound algorithm
estimates the largest value that the mean of any particular arm could be with
probability greater than some pre-defined A. The algorithm plays each arm once
and subsequently plays the arm with the highest UCB in each round. Quantities
attached to arms, called indexes are the bases for several bandit algorithms and
these algorithms are called index algorithms.

fort=1... do

if t < N then

Choose A; = t;

Set n, = 1;

Set fiy = 14;

Set UCBt =7+ +/ 211’1(t>,
else

Choose A; = argmax UC By;
Update na,+ = 1;
Update fia, = fia, +

. 21n(t) .
Update UCBy, = fia, + m ’

end

end

4.1 Analysis

This analysis was taken from [2]. For any reward distribution in [0, 1], the UCB
algorithm has regret which is upper bounded by

ir(pa; <p*) ! Jj=1

og(n 71'2
CHD DI RN R} 3PN

Let ¢t = 4/ mng(t)

We can bound the number of times n;(¢) that arm ¢ is played upto time ¢

T
ni(T) =1+ Y I
t=N+1

Assuming the arm has been played [ times so far, this quantity is never smaller

than
T

<l+ Y {Ar=i An(t) =1}
t=N+1



T
<l+ > {(UCB*(t) SUCBA, () A nlt) > 1}
t=N+1

T
<l+ Z {(a(a®) + ct—1)mat-1) < (AL + Ct—1)n4, (t—1)) A nilt) > 1}
t=N+1

This has to be smaller than the number of times the smallest observed value of
UCB(a*) < largest observed value of UCB(A;) upto a specified point s

T
< in fis(a* [l
<+ D {((gmin, fs(@) + en,e) < ( max fis, (Ae) + c,0))}
t=N+1
oo t—11t-1

We can see that this is just the probability that a random arm with s; plays
has a higher UCB than an the optimal arm with s plays. This means that one
of three conditions is true.

L () < — cne
2~ ﬂs(At) 2 ,U/z + Ct,s
3. pla®) < p(Ae) + 2,

The probabilities of the first two situations can be bounded using the chernoff-
hoeffding inequality for bounded random variables, as

Lk N 2log(t —din 1
P(jn(a") < p(a) — | 2280 < cmam L

P N 2log(t _ 1
B(jn(a") < p(a”) — | 228 < mamr — L

The third situation cannot hold true for [ = (81273;2@)1 This can be shown as
such L

o o 2
) = (a) = 220 > i) — g - 2 Qiﬂg%
pla®) — (4 25 =0

This shows that u(a*) > w(As) + 2¢rs, Vs; > (8127%@)1 Now, the number of
plays can be bounded as '

810g(t) oo t—1 t—1 2
ni(T) <[ A2 1+ Z puy
i t=1s=1, _8log(t)
¢ A



The summand has no dependence on ¢ for the two inner sums, so we can upper
bound them by multiplying by ¢. This leaves us with a quadratic sum, which
can be resolved by invoking the solution to the basel problem

8log(t) 72

1) +1+ —
_(A%+)++3

8log(t) 72
< 1+ —
<o tltg

Using the regret decomposition lemma

", 8log(t) w2

Regret, = Z( A2 +1+ E)Al
i=1 i

(o) n ’/T2
Regrety = ) (%g(t))JrZ(H—)Ai

i . 3
i:(pa, <p*) ¢ i=1

5 Thompson Sampling

Thompson sampling is one of the oldest known algorithms for the bandit prob-
lem, first suggested in 1933 by William Thompson [5]. The algorithm models
the reward distribution for each arm ¢ as a conditional distribution P;(r|6;).
The nature of ; is dependent on the family of distributions that the arm comes
from. For a gaussian bandit, §; may be the mean and variance of arm ¢ and for
a bernoulli bandit it might be the proportion of success. The main component
of the thompson sampling is having a prior distribution associated with each
arm, which is updated based on the samples seen from that arm. The idea is
that exploration and exploitation are both balanced under this algorithm. Any
tail event, such as an overestimate of a small arm or an underestimate of a large
arm does not become very sub-optimal because the algorithm will draw more
‘representative’ sampled priors in the limit.

While experimentally known to be ’optimal’, theoretical understanding of
this algorithm was extremely limited. [1] was a seminal contribution on the
subject that showed a logarithmic regret bound on the problem. For bernoulli
bandits, TS is extremely straightforward. The priors are beta distributions
initialised with S, F' = 0. This is a natural choice of prior because the parameters
can be used to track the number of successes and failures of the arm, and the
concentration around the mean increases with increases to .S or F'. This can be
seen in the density of the beta function, which is given by %xs(l —x)F.
This has a mean of L%LF This can also conveniently be extended to the case
of a bandit with rewards in the interval [0, 1] by adding an extra step to the
algorithm - tossing a coin with probability r; and updating the priors according
to the outcome. This is helpful because for an arm with pdf f;

Plr,=1) = /0 efi(@)dz =



A way to interpret this is that this algorithm is estimating the mean of the
distribution the unmodified algorithm would for a bernoulli bandit. This reduces
the general case of rewards in [0, 1] down to solving the case for a bernoulli
bandit.

S=0,F=0
fort=1... do

Sample 6§ ~ Beta(S, F')

Choose A; = argmax; 0;

Recieve reward r;

Update Sa,+=1Ir; =1, Fa,+=1Ir, =0
end

5.1 Analysis

The full proof is fairly involved, so a simplified version for the two arm case is
given below. Note that the proof is only for a finite time horizon. Playing the
optimal arm generates zero regret, and playing the second arm A regret. Call
these arms (1) and (2). The number of plays of the (2) can be bounded as

Elna(T)] < L+E[S ¥

Jj=Jjo

Here, L = %gg(n, Jo is the number of plays of (1) until L plays of (2), Y; is
the number of times arm (2) is pulled in between the j — 1*"* and j** pulls of (1)
To bound the Yjs, a random variable X is defined with parameters (7, s, y),
which is like a geometric random variables counting the number of samples
needed from Beta(s + 1, j - s + 1), before it exceeds some threshold y. It does
not count the trial on which the experiment succeeds. This has expectation

1 1
EX( sy = —F——— 1= —I(s)
1- FsﬁJrl,jferl Fii
The first equality follows from the fact that X is one less than a geometric
random variable. The second is because Faﬁb(cc) =1- Fé’f&fl’x(a —1). The

Beta distribution has its CDF equal to the incbmplete gamma function I, (a,b) =
Bera@n Jo T A=) Tt =1 Fyi (a—1).

This fact can be shown by the following. For an ii.d. uniform sample
X1,...,Tqqp-1 the ascending order statistics X(,) ~ Beta(a,b). This means
that F (f,ebm (y) is the probability that X,y < y. Using the binomial distribution,
X(a) <y iff at least a many samples are less than or equal to y. Since the X;s
are uniform, P[X; < y] =y.

To show that the order statistics are beta distributed, the formula from [6],
page 6 can be used.

foy (@) = nf ()" Chor FFHa) (1 — F(z))"



for the cdf F' and pdf f. For the uniform distribution, the cdf is the identity
function while the pdf is the constant function 1. Using a sample of a + b — 1
we get the a'? order statistic as

(&) = (a-+ b — 120, b1 (1 )
(a+b—1)
(a—1)1(b—1)!

The fraction at the start is exactly the normalisation constant ﬁ. This gives
us

$k71(1 _ I)nfk

fa)(z) =

f(a)( ) beta (.’L’)

The number of pulls after the j** pull of ( ) that the event {01y > p2) + 5}
occurs is distributed as X (j, s, p1(2) + %) Y; can only be larger if at some pomt
between these pulls 02y > o) + %, in which case Y; <T'. This gives the bound
on the expectation

tj41—1
A A
ElY;] < Emin{X(j, s(j), o) + 5 ) TH +E| > T{be) > pe) + 5]
t=t;+1
This is splitting Y; into two categories. The first is a 'good’ case where 0 is
never larger than p o) + % and the second is the bad case where there is at least

sample of ¢ for which 0(3) > p(2) + %. In this case, we bound the number of
plays by 7. This bound can be extended for any j > jo

tj+1—1
S . o A A
E[Y;{j > jo}] < E[min{X(j, s(s) n2y+ 5 ) THHEL D T{(0z) > p2y+5 )M = o)}
t=t;+1
Taking the sum over all possible j values
T-1 tj+1—1

S RN =G0}l < D (Bmin{X (4, s(j )7u(2>+%>7T}]+TE[ > A > pe+

i=do =0 t=t;+1
However, if j > jo then n(y)(t) > L which gives us

< 3" Efmin{ X, s(), 1)+ fn+TZ)P (1) = ot S )Amalt) 2 1)

|
—

<.
Il
o

Let M = (0(2)(t) > pi(2) + 5) A (n2(t) > L). This can be seen as the tail event
that despite many plays of (2), 62y is much larger than p). We can bound

this quantity.

P sy (t
step, fi(i) = n((ll((t)) and

Let s(2)(t) be the number of successes until the ¢

define a random variable A(t) = {i2) < p2) + 5}

P(M) = B(0o)(t) > s + 5 A (na(t) > L)

A6 2 o))



<P({A(t) =0} A (na(t) > L)) + P(M A {A(t) = 1})

The first term is disjoint union of several binomial random variables with
mean fi(2). We can bound this using binomial chernoff bound

P({A(t) = 0} A (na(t) = L)) = D P({A(t) = 0} A (na(t) = L))
=L
<y
=L

T
—2IA? 1
< ZGXP( 16 ) < T2

The second term will be bound in a similar way. We define W; ., ~ Beta(lz +
1,0l — Iz + 1). The number of plays of the suboptimal arm are distributed as
Beta(lﬂ(g) + 1,0 —lug) + 1).

PM} A {A(H) = 1}) = P({02) () = p2) + %} A (na(t) = 1) AN{A(H) = 1})

P({002)(1) > fio) + 5 — 73 (ma(t) =)

<SPEW (I i) = figz) + %})

Rewriting using the relationship between the binomial and beta distributions
gives us

T

bzn
Z l+1 fi2) l'u(Q))]
=L

Reducing the number of trials for a binomial random variable would increase
the CDF at any single point.

T
bin
<> E[F, i (12))]

=L

We can now apply concentration bounds

T

2A% 2A? 1

< exp(— 6 ) < TeXP(—f) S T2
=L

This gives us P(M) < -%. Plugging this back into the original equation

T
gives
- T-1 A _— )
FO t=1

Jj=Jjo
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=

< 3 E[min{X (4, 5(5), s(2) + %),T}} +2

<.
I
o

To bound the first term, we can prove the following statement. For any
0 <y < pa, let A = pay —y, D = ylog(5t=) + (1 — y) log(
R— po(1-y)

(1-y)
y(1—p1y)

1jb(l)) and

1+ % + B exp(—Dj)  if j < Llog(R
1+ (£ + 22) exp(—Dj) if % log(R) <
8 if 21060 5.

E[E[min{X (5, 5(7),y), T}Hs(5)]] <

)5
j < Hos(T)

For the last case, concentration bounds can be invoked. For any s > (y+%) i

in in A . exp 2A/ exp QA/
B (5) = Fliny + 5> 1 - SPCR) oy ewCA)

8
/= > T > —
2 exp(ﬂAzz) T2 T2

This shows that E[X (j + 1, s,y)] < 1_1% — 1. The probability that s(j) takes a
T

value smaller than (y+ %/) 7 is small, and the expectation term can be bounded
by using the value T'. The probability can be bounded by is

!z !z <A/
yj+£)§F{”'” A

bin . J —]A
F; ( 2 j+1,u(1)(ﬂ’(l)j + 9 ) < eXp( 2

J+1,p(1)

The final expectation bound is

BEmin{X (7,50 ), THs ()l < (1= 2)((1= ) =)+ ST < 7

f¥" is the biomial pmf. For the first two cases, we use

J bin (g
BB (X ().50),), THs()] = Bl S (i ®)

5=0 Fjbinl,y(s)
The median of a binomial distribution is its mean rounded up or down. This
, ; NG
means for s > [y(j + 1)], Zi:[y(ﬁ_m( IR

EJ’+L7/<S) X X
For s < |yj], the import facts are F]bi"l,y(s) = (l—y)FJ%"(s)—i—yF]%" (s—1) >
bin bin bin
(1 - y)Fj,y (S) and Fj,y (S) > 7,y (S)

Ly JI?ZL(U(S) Ly ﬁml)(s)
5=0 j+1ay(s) s=0 j+1,y(5)
lyi] 1 (1 — )jfs
Z (1) (1?

—1l-y y(l-y)y
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Lyd] i
Z 1 RS (1 - ,U(l)_)]
p- (1—y)

— -y

~ 1 RbAY( - p)
Cl-y R—1 (1—y)
Removing the -1 and expanding using the definition of R

1 R = pa)yv
< - ——
“1-yR-1 yya(lfy)rw

12261 . 2761
= W exp(—Dj) = =}

1y =y A
In cases where |yj| < [yj] < [y(4 + 1)] both terms above miss the case of
y = [yj]. However, here [yj] <yj+y

exp(—Dj)

bi
T 1 .2
F]b—ziﬁ,y( ) B (1 - y>ng,Zyn(8) B (1 - y)

An alternative bound for this case is

bi bi bi
jflin(l)(s) < jalﬂn(l)(s) < jvl“n(D(s)

Fa©) ~ A=9ERE ~ -9y
R —p) _ R = )
BRI T (R [ Y

RY
< exp(—Dj
(1-y) =D3)
This completes the proof, since we have covered all 3 cases We can finally
bound the expected plays, using y = fi2) + 5 A and A’ = £ we get
T—1
. . A .
7wUU§L+}:EEMMKXUJU%mm+§%TNdﬁH+2
§=0
1610 2y log(R) 1610 A%)—1,2 (16 log(T")/A%)—1 (RY exp(—Dj
< L+ g( ) g 1g(y) Z( g(T)/A%)— ( #Xl) exp(— D]))"'Z]—yigg()}é) )—1( lli(y J))+
2T +2
40log(T) |, 2ylog(R (161log(T)/A%)—1,2p(1 1610 A%)—1 (RY exp(—D,
< Zg2( ) %(ig(y)_i_z g(T)/A%) ( I‘A() exp(— DJ))‘*’ZE_H?Og()}é) )—1( elpi(y 7)) 4
18

We can reindex the second series and simplify it

< 4010g(T)+18+ 2y10g(R)+Z(16log(T)/A )— 1(2MA(1> exp(— D3)>+Z 1610g(T)/A2) — % log(R) (expl(:yDj))

Comblnlng the two series terms, we can upper bound them by extending the

second series )
S 4010g(T) +18+ 4y10g(R) + Z(lﬁlog(T)/A )— (QH(1A)+1 eXp(—D]))

12



(I—p1))y

Notice that ylog(R) = ylog({{25) = y(log(“42) +log(152)
< py + 5 (D = ylog(%)) <14 12D+ ) < 2(DA+1)

k .
>0 exp(—Dj) < 1= < max{%, el g min{2D 17
Plugging these bounds back in

40 log(T 8(D+1 Ay +2
< 0280 118+ BPE 4 (ss )

Pinsker’s inequality for bernoulli random variables is with proportions
and po is
I — pa] < %DKL(M»/@)
In the established notation, this becomes
2A”? <D

A2

— <D

5 =

This gives us the bound

< 20loe(T) | 184 8 +(L2) 4+ 18
Since A < 1, increasing the exponent in the denominator increases the sum
< A0loe(®) | 184 B 4+ (L2) 4+ 18
< %D 4 36 +18
€ O(log(T))
This is asymptotically optimal for the stochastic bandit problem
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